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3D Symmetry Detection Using The Extended
Gaussian Image

Changming Sun and Jamie Sherrah

Abstract—Symmetry detection is important in the area of com-
puter vision. A 3-D symmetry detection algorithm is presented
in this correspondence. The symmetry detection problem is con-
verted to the correlation of the Gaussian image. Once the Gaus-
sian image of the object has been obtained, the algorithm is
independent of the input format. The algorithm can handle dif-
ferent kinds of images or objects. Simulated and real images have
been tested in a variety of formats, and the results show that the
symmetry can be determined using the Gaussian image.

Keywords— Symmetry detection, reflectional and rotational
symmetry, extended Gaussian image, sphere tessellation, orien-
tation histogram, principal axis.

I. INTRODUCTION

Many objects around us exhibit some form of symmetry.
Symmetry is a powerful concept which facilitates object detec-
tion and recognition in many situations. For instance, symme-
try information is useful in robotics for recognition, inspection,
grasping, and reasoning. Symmetry may be defined in terms
of three transformations in n-dimensional Euclidean space E™:
reflection, rotation and translation. Formally, a subset S of E"
is symmetric with respect to a transformation T if T'(S) = S.
Reflectional symmetry has a reflection plane, for which the left
half-space is a mirror image of the right half-space. Rotational
symmetry has an symmetry axis and an order of symmetry f
(f > 2). After an object with order f symmetry has been ro-
tated about its symmetry axis by (m x 360/f)° (1 < m < f),
it is indistinguishable from its original orientation.

Most of the work carried out on 3-D symmetry detection
has been based on edge, contour or point set information. Alt
et al [1] presented algorithms for computing exact or approxi-
mate congruences and symmetries of point sets. Wolter et al
[2] described exact algorithms for detecting all rotational and
involutional symmetries in point sets, polygons and polyhedra.
Zabrodsky et al [3] defined a Continuous Symmetry Measure to
quantify the symmetry of objects. They also presented a multi-
resolution scheme that hierarchically detects symmetric and al-
most symmetric patterns [4]. Jiang and Bunke presented an
algorithm for determining rotational symmetries of polyhedral
objects [5]. Parry-Barwick and Bowyer [6] developed methods
that can detect both hierarchical and partial symmetry of two-
dimensional set-theoretic models with components constructed
from a few straight edges or polynomials. This method has the
disadvantage of being computationally intensive.

Ishikawa et al [7] presented an interactive technique for mea-
suring the symmetry degree of an arbitrary three-dimensional
object. This technique works on 3-D dense CT or MRI data
after the octree representation has been obtained. Minovic et al
[8] used an octree representation to find the symmetry of a 3-D
object, and showed the results for synthetic objects. These oc-
tree methods are similar to the work presented in this corre-
spondence. The advantage of the approach taken here is that it
works for a range of image types, including real images rather
than just synthetic objects, and is therefore quite flexible.
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The extended Gaussian image (EGI) is useful for such tasks
as recognition [9] and determining the orientation of an object
in space [10], [11]. Brown [12] used the 3-D histogram to study
the orientation of dendritic fields. Kang and Ikeuchi [13] used
the complex EGI for 3-D pose determination. But none has
used EGI for symmetry detection yet. In this article, we in-
vestigate the use of the extended Gaussian image for detecting
symmetry in 3-D objects. The method of symmetry detection
used is based on our observation that in many cases, if an object
is symmetric, then so is its EGI. The EGI is sampled at regu-
lar surface patches to give the object’s orientation histogram, a
discrete form of the extended Gaussian image. After the orien-
tation histogram has been obtained, it is tested for symmetry
without further consideration of the original image. The object
can be represented in different formats: CT or MRI images;
Range images; 2-D images; 3-D wire-frame models; and point
data sets.

The aim of this correspondence is to determine: (1) the posi-
tion and orientation of the plane of reflectional symmetry; and
(2) the axis and order of rotational symmetry for images in a
variety of formats. Note that it is not an objective to determine
whether or not an image is symmetric. It is assumed that the
images under consideration possess some degree of symmetry,
although it need not be perfect. Not all symmetries are required
to be found, but only the symmetry which is strongest in the
object. For rotational symmetry, the highest order is sought.

Section II describes a method for tessellating a sphere and
discusses how these tessellations are used to obtain the orien-
tation histogram. Section III details the method for obtaining
the principal axes, used to reduce the symmetry search space.
Section IV describes the algorithms for finding the reflectional
symmetry and the rotational symmetry parameters. Section V
shows the results of the algorithm on simulated and real images.
The conclusions drawn from the work are found in Section VI.

II. SPHERE TESSELLATION AND THE ORIENTATION
HISTOGRAM

In order to construct and view the 3-D orientation histogram
used for symmetry detection, it is necessary to tessellate the
surface of a unit sphere. The tessellation is constructed from
an icosahedron. The steps followed to construct the tessellation
are: (a) Subdivide each triangular face of the icosahedron into
four smaller triangles by joining the mid-points of the three
sides; (b) Normalise the new triangle vertices onto the unit
sphere; (c) Repeat these steps until the desired resolution is
reached; and (d) Convert the triangular facets into hexagonal
facets to make the cells rounded. Each vertex of the trian-
gular tessellation has six triangles connected to it, except for
the twelve original vertices of the icosahedron, which have five.
The hexagonal facets are formed by joining the centres of the
connected triangles. The tessellation chosen is not optimal, but
struck a satisfactory compromise between the criteria mentioned
in [10].

To perform useful analysis using the tessellated sphere, a
unique labelling system is required for the triangular facets. The
method used for numbering the triangular facets is explained in
detail in [14]. The task of finding which facet (or bin) a given
vector lies in has to be performed many times during symme-
try detection, so an efficient algorithm is required. Rather than
searching each bin direction and choosing the direction with the
maximum dot product, a hierarchical approach is taken.

The Extended Gaussian image is a function defined on the
face of the unit sphere, with the value in the direction of the
unit normal n given by K (n). The method for transforming an
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object to its EGI depends on the object’s image format. Range
images can be differentiated to find the gradient vector at each
pixel, and this direction is used as the normal for the pixel.
Note that in an intensity image, the grey level does not have the
same dimensionality as the x-y grid. We will treat an intensity
image the same as a range image to get the normals. Point
data can be represented, with each point direction providing
the corresponding orientation. For 3-D data sets from CT or
MRI, the grey-level gradients can be used to obtain the EGI.
The extended Gaussian image can also be obtained from wire-
frame objects, such as those in CAD models. Each wire-frame
facet has a surface orientation which can be weighted by the area
of the face. Some information is discarded in the formation of
the extended Gaussian image, since positional information is
not taken into account. Nevertheless, for convex objects the
representation is unique [11].

The orientation histogram is a discrete version of the extended
Gaussian image. Each point on the Gaussian sphere lies in a
particular facet of the histogram. The orientation histogram
is obtained by adding each non-zero value of K(n) to the his-
togram bin in which the vector n lies. The bins used are the
facets of the hexagonal tessellation. The resulting image is like
a spiky ball, as shown in Figure 1.

(b)

Fig. 1. Example of an orientation histogram for a wire-frame object: (a)
wire-frame model of a human head; (b) the corresponding orientation
histogram.

III. REDUCE SEARCH SPACE

In order to determine the vector associated with the strongest
degree of symmetry, the obvious solution is to test every bin di-
rection on the histogram. The number of bins on the histogram
can be quite large, however, so this approach is computationally
prohibitive. The search time can be halved by noting that only
one hemisphere of the histogram needs to be searched. For high
resolution tessellations, though, this can still be very slow. The
method used to narrow down the search for the symmetry axis
is to check only the directions of the principal axes of the ob-
ject, and their 5 or 6 neighbouring bins. The motivation for this
approach is based on two theorems found in [15], which state
that:

o Any plane of symmetry of a body is perpendicular to a prin-
cipal axis.
o Any azis of symmetry of a body is a principal azis.

The inertia matrix J of an object can be formed according to

the following equation:

Ho20 + [oo2 —M110 —M101
J=tr(C)I-C= —p110 H200 + poo2 —Ho11
—M101 —Mo11 M200 + 14020

where tr(-) denotes the trace of a matrix and | is the 3x3 identity
matrix. Cis the covariance matrix of an object which is derived

from the second-order central moments. The three eigenvectors
of J are the principal axes, and the eigenvalues vary inversely
with the variance of the object along the corresponding axes.

IV. SYMMETRY DETECTION

Detection of symmetry in an object is based on our observa-
tion that, in most practical cases, an object’s orientation his-
togram exhibits the same symmetry as the object. The degree
of symmetry in the histogram is measured by the correlation of
the histogram with itself after some transformation. The his-
togram is searched for the bin direction which is referential to
the largest degree of symmetry. For this correspondence, two
programs were written to perform symmetry detection: the first
program finds the position of and normal to the plane of reflec-
tional symmetry of the input image, and the second program
determines the direction and position of the object’s axis of ro-
tational symmetry, along with the detected order of symmetry.
The steps performed during both forms of symmetry detection
are:

1. Read image and calculate the principal axes and centre of
mass;

2. Build the orientation histogram from the image, and smooth
the histogram;

3. Search near the principal axis directions for the strongest
symmetry by performing correlation operations on the his-
togram; and

4. Present the symmetry data in a useful format.

Steps 3 and 4 require different processing and presentation
methods for reflectional and rotational symmetry detection,
which are discussed separately below.

A. Reflectional Symmetry

The degree of reflectional symmetry in a plane is measured
by the correlation of the histogram with itself after reflection
in the plane. The reflected (or mirrored) vector vmir of v w.r.t
plane n can be described as:

Vmir = mir(n)v. and mir(n) =1—-2(n®n) (1)

where ® denotes the tensor product of two vectors.

The correlation is formed by visiting each histogram bin and
multiplying its value by the value in the bin which mirrors it
in the plane. Each resulting product is added to the correla-
tion. Only the three principal axis directions and their 5 or 6
neighbours are considered as candidates for the symmetry plane
normal. The plane of strongest reflectional symmetry is that
which yields the highest histogram correlation.

B. Rotational Symmetry

We denote the rotation around vector n through an angle 6
by rot(n,f). The rotated vector vy of v can be obtained by:
Ht 1 902050 H2

(2)
where H is a skew-symmetric matrix composed of the scaled
elements of the rotation vector. The scale factor is equal to the
rotation angle.

The order of rotational symmetry is the number of unique
rotations of the object about the symmetry axis which bring it
into coincidence with itself. The corresponding symmetry angle
is the minimum angle of rotation required to bring the object
into coincidence with itself. For each order of symmetry under
consideration, the histogram is rotated by the corresponding
symmetry angle and correlated with the original. The correla-
tion can be performed for each unique rotation, and averaged to

Vit = rot(n,f)v and rot(n,8) =e" =1+ sind
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reduce sensitivity to noise. The order which results in a peak in
the correlation function is the strongest order of symmetry for
the given axis. This is performed for all the axes under consid-
eration, and the largest correlation from these axes indicates the
axis of rotational symmetry. Since most rotationally-symmetric
objects have a modestly-sized order of symmetry, only orders 2,
3, ---, 12 were considered (order 12 corresponds to symmetry
angle of 30°).

V. EXPERIMENTAL RESULTS
A. Reflectional Symmetry Results

Reflectional symmetry detection was performed on a number
of images in a variety of formats using a Sun Sparc10. Figures
2 and 3 show the results of the symmetry detection algorithm
on simulated objects. Figure 2(a) shows a wire-frame mush-
room, annotated with the detected normal and plane of sym-
metry. Figure 2(b) is the mushroom’s orientation histogram.
The mushroom model is not perfectly symmetric, yet the al-
gorithm found the most likely orientation of the normal to the
plane of symmetry. The symmetry planes and normals found
for other wire-frame objects are displayed in Figure 3.

(a) (b)

Fig. 2. Symmetry detection results for simulated objects. (a) mush-
room model consisting of quadrilateral and triangular patches; (b)
the corresponding orientation histogram.

A number of 2-D grey-scale images were used to test the pro-
gram, and the results are shown in Figure 4. Each image has
been annotated with a line drawn from the centre of mass in
the direction of the normal to the plane of symmetry. For more
complex images, the intensity was not a meaningful descriptor
of shape, and the principle axes found were intuitively incorrect.

Figure 5 shows several range images with the normal to the
plane of symmetry overlaid. Figure 5(d) is a noise added image
of Figure 5(c). For these two images, the detected normals of
the symmetry planes are the same.

Samples of independent observations of unit vectors, taken
from [16], were used as point data. The data set consists of 155
measurements of facing directions of conically folded bedding
planes, originally provided in (plunge, plunge-azimuth) format.
The program took 49.91 secs to complete, and the results are
displayed in Figure 6(a).

The CT data set used is a 256x256x31 image of human ribs.
The plane of symmetry was found to divide the rib-cage, passing
through the spine. The program took 18.86 mins to complete
on a Sun Sparcl0. The long computation time is due to the
Sobel operation on the large data set. The rendering package
Explorer was used on a Silicon Graphics machine to display
the CT image and its plane of reflectional symmetry, as shown
in Figure 6(b).

(c) (d)

Fig. 3. Display of reflectional symmetry detection results for wire-frame
objects.

B. Rotational Symmetry Results

The rotational symmetry detection program was tested using
a number of images on a Sun Sparcl(0. The symmetry axes and
rays detected for wire-frame objects are displayed in Figure 7.
Figure 7(c) shows a king chess piece with order 8 symmetry,
denoted by the rays drawn emanating from the object’s centre
of mass. The long vector is the axis of rotational symmetry.
Figure 7(d) shows a goblet with order 10 symmetry, so that if
the object is rotated by 36° about the axis, it is indistinguishable
from its original orientation.

A number of 2-D images were used to test the program, and
the results are shown in Figure 8. Figure 8(a) is a triangle
with order 3 symmetry about the axis directed out of the page,
and Figure 8(c) is an order 5 symmetric pentagon whose axis
of symmetry also points out of the page. The images are anno-
tated with rays drawn from the centre of mass which are equal
in number to the order of symmetry and separated by the sym-
metry angle. Figure 9 shows the rotational symmetry detection
result for a range image.

C. Discussion

Principal component analysis alone cannot obtain the order
of 3-D rotational symmetries; it needs to be followed by another
search or analysis to obtain the order of symmetry. Because of
the effect of digitisation on the orientation histogram, and the
possibly imperfect symmetry of the input object, a search in the
neighbouring directions of the principal axes is necessary.

Burel and Henocq described a method for estimation of the
orientation of 3-D objects using spherical harmonics [17]. We
choose the principal component analysis procedure for its sim-
plicity to reduce our searching space. The octree approach only
works for dense 3-D data such as CT and MRI, while our method
can deal with different image formats.

The symmetry property of the orientation histogram is a
necessary-but-not-sufficient condition for 3-D symmetry detec-
tion. That is, for certain non-symmetric objects, the orientation
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(c)

Fig. 4. Display of reflectional symmetry detection results for 2-D image:

(a)

Fig. 6. (a) Results of reflectional symmetry detection for a point data set;
(b) Results of reflectional symmetry detection for a 3-D CT image.

(d) (e) (f)

Fig. 5. Reflectional symmetry detection results for 2-D range images. (a)
A taperoll. (b) A range cup image. (c) A Harris cup. (d) Noise added
to (c¢), and the symmetry was also detected. (e) A range image of a
human head. (f) The reflectional symmetry detected for the human
head image. The arrow is the normal of the reflectional plane.

histogram might still be symmetric. As long as we know that
the object in the image is reflectionally or rotationally symmet-
ric, we can apply our algorithm to detect symmetry. When the
orientation histogram shows reflectional or rotational symmetry
but the object is not symmetric, a further step might be neces-
sary to check whether the object does exhibit same symmetry.
The symmetry hypothesis can be tested using a symmetry mea-
sure (see [3]). If this symmetry measure gives a low value, we
say that the object is not symmetric. Note that if an object is
convex, then the histogram symmetry is a sufficient condition
for 3-D symmetry in the object.

The orientation histogram for a spherical object (with a uni-
form distribution of EGI intensities) and for a flat object whose
facets are randomly oriented will be approximately the same.

Fig. 7. Rotational symmetry detection results for wire-frame objects.

This ambiguity will be resolved by the principal component
analysis step. For objects that are not rotationally symmet-
ric, there will be a trivial symmetry: if an object is rotated 360
degrees, it will come back to its original position. The order
number in this case will be one.

For reflectional symmetry, if 4 is the resolution of the sphere
tessellation, the algorithm complexity will be O(i4%). For ro-
tational symmetry, the complexity will be O(i4’f2,,), where
fmaz is the maximum order of symmetry sought.

VI. CONCLUSIONS

Using our approach, the symmetry detection problem has
been converted to the correlation of the Gaussian image. The
algorithm accommodates different kinds of images or objects.
After the orientation histogram of the image has been obtained,
the symmetry detection algorithm is independent of the image
format. From the results shown in this correspondence, rota-
tional and reflectional symmetry directions can be determined
using the statistics of the orientation histogram. The symmetry
information can then be employed to represent the object eco-
nomically, perform recognition, determine a suitable grasping
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A

(a) (b) (c)

Fig. 8. Rotational symmetry detection results for 2-D images.

(a) (b) (c)

Fig. 9. Rotational symmetry detection results for a 2-D range image.
(a) Range image of a propeller; (b) Detected symmetry information
overlaid on the wire-frame representation of the range data; (c) A
second view of (b) (the arrow in (c¢) near horizontal direction is the
symmetry axis).

orientation, and so on.

The symmetry found in the objects is not an exhaustive list
— only the symmetry which resulted in the maximum corre-
lation is chosen. The speed of the algorithm varied with its
application. Rotational symmetry took longer to find than re-
flectional symmetry. Increasing the resolution of the histogram
invariably increased execution time. In most cases the algo-
rithm took about 1 min for reflectional symmetry, and 5-10
mins for rotational symmetry on Sun Sparcl0. The execution
time compares favourably with the octree method presented in
[18], where symmetries are detected for simple modelled objects
in 1-5 mins, but for complex medical images in 100 mins on an
Apollo Domain 4000.

As for accuracy, the algorithm can theoretically be as ac-
curate as the sphere resolution. However, some factors of the
implementation prevent this increase in accuracy. First, the
principal components have limited accuracy: in the wire-frame
case, the accuracy is set by the integration step-size. In the
2-D and 3-D image cases, the integration involved visiting each
point so that the resolution could not be increased further. Sec-
ond, the method of searching the adjacent facets of the principal
component axes is restrictive. As the resolution of the sphere
is increased, the neighbours become closer and closer to the
principal axis bin directions, but the accuracy of the principal
axes remains the same. Therefore in some cases increasing the
resolution can give worse results, as the correct symmetry di-
rection is never searched. This problem could be obviated in
future implementations by searching a larger neighbourhood of
the principal axes.

The execution time could be reduced by optimising the code,
and a further increase in efficiency could be introduced when
finding the symmetry order. Rather than checking all orders
up to some maximum, only prime numbers need to be checked,
and the search space for the order of symmetry can be reduced
through deduction.
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